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L.OI CAM ON

Luan van nay dugc thuyc hién tai truong Pai hoc Khoa hoc - Dai hoc Thai Nguyén va hoan
thanh dudi syt huéng dan nhiét tinh ctia Gido su - Tién si khoa hoc Nguyén Van Mau. Tac gia
xin tran trong bay té long kinh trong va biét on sau sic tdi thay, nguoi da tan tinh chi bao,
huéng dan, dong vien khich 1é va tao dieu kién thuan loi cho tac gid trong suét qua trinh hoc

tap va nghién cttu luan van.

Qua ban luan van nay, tac gia xin gii 16i cam on t6i Ban Giam hiéu truong Dai hoc Khoa
hoc - Dai hoc Thai Nguyén, Ban chii nhiém khoa Toéan - Tin, cting cac giang vién da tham gia
giang day va tao moi diéu kien t6t nhat dé tac gia hoc tap va nghién citu trong subt thoi gian
qua.

Tac gia xin cam on S6 Gidao duc Dao tao Ninh Binh va Truong THPT Yén Khanh A, noi toi

dang cong téc, da tao moi diéu kieén t6t nhat dé to6i hoan thanh nhiem vu hoc tap.

Téc gia cling xin cdm on gia dinh, ban be, dong nghiép va tat cd moi ngudi da quan tam,

dong vien va gitp dé dé tac gid c6 thé hoan thanh luan van ctia minh.
Tac gia xin chan thanh cam on!
Thai Nguyén, ngay 22 thang 5 nam 2017

Tac gia

Biti Thi Loi
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MG DAU

To hop c6 vi trf rat quan trong trong Toan hoc vi né khong nhing 1a mot déi tuong nghién
citu trong tam cia Dai s6 va Giai tich ma con 1a mot cong cu dic luc clia toan roi rac va ly

thuyét tro chai.

Ngoai ra, t6 hgp con duge stt dung nhiéu trong tinh toan va tng dung. Trong cac ki thi hoc
sinh gidi toan qubc gia va Olympic toan qubc té thi cAc bai toan vé to hop ciing thusng duge
dé cap dén va duge xem nhu nhitng bai toan rat kho ctia bac pho thong.

Hien nay céc tai lieu tham khao vé t6 hop tuy c6 nhiéu nhung khong duge dé cap day du
va hé théng trong chuong trinh chinh khoa bac pho thong. Vi vay, viec khio sét sau hon vé cac
van dé tinh toan to6 hgp va cac dang toan lién quan cho ta hiéu sau sic vé ly thuyét ciing nhu

cac tng dung lien quan dén t6 hop va toan i rac.

Luan van "Bat ddang thic va cdc bai todn cuc tri trong dai s6 to hop" trinh bay mot sé van

dé lien quan tinh chat va céc dang toan tng dung lien quan dén to hop.

Muc dich ctia luan vin nham thé hién ré vai tro quan trong ciia t6 hop trong cac dang toan

thi HSG va Olympic qubc gia va quoc té.
Luan van gom phan mdé dau, két luan va 3 chuong.
Chuong 1. Nhi thiic Newton vi mot s6 dang thitc t6 hop lien quan.
Chuong 2. Bat dang thtc trong tinh toan to hop.
Chuong 3. Cac dang toan cuec tri lien quan dén t6 hop trong day so.

Tiép theo, trong cac chuong déu trinh bay mot hé thong bai tap ap dung gidi cac dé thi
HSG va Olympic lién quan.
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Chuong 1. Nhi thitc Newton vA mét sb

dang thic t6 hop lién quan

Trong chuong nay, tac gid nhic lai cong thitc nhi thiic Newton, cac tinh chat co ban cla
nhi thic Newton, cac tinh chat co ban ciia cac s6 t6 hgp. Tt d6 xay dung va ching minh dugc
mot s6 dang thitc t6 hop. Trinh bay két qua vé da thic Newton va ting dung. Tac gia ciing néu
mot s6 dang toan thi Olympic lien quan dén tinh chia hét va quan hé dong du giita cic bicu
thiic t6 hop.

Céc két qua trong chuong 1 dugc trich dan tir cdc tai lieu tham khao [2], [3], [4], [7], [8] va

[9]-

1.1 CaAc tinh chat cta nhi thic Newton

Véi a, b 1a cac s6 thie va n 1a s6 tu nhién 16n hon ho#ic bang 2, ta luon cé

(a+0)" Zc’f nkpk, (1.1)
trong do
!
o L —
" kl(n—k)!

Quy uéc: C0=C"=1; Cl =Cr ! =n.
Cong thic (1.1) goi la cong thitc nhi thitc Newton.
Ching minh. V6in =2, ta co
2
(a+b)*=a”+2ab+ b =) Cla**1".
k=0
Vay (1.1) ding véi n = 2.
Gia st (1.1) dang v6i n = m;m € N;m > 2. Nghia la, ta c¢6

m

(a+b)"=>" Cha™ ", (1.2)

k=0
Ta phai chitng minh (1.1) ding véi n = m + 1, tiic la phai chiing minh

m+41

(a+b)"" = Z bR (1.3)



That vay, ta ¢
(a+ )™ = (@+ )™ (a+D)

= Z Cha™ *b* (a+b) theo (1.2)
k=0

— Cfnamelfkbk. Crl;amfkblﬁ&
-1
— Cglam%& 4 [(Crqu 4 Cﬁ;l) aerlfkbk} + C:@meﬂ

3

Eod

1
—1

_ 0 m—+1 k m+1—krk m+1rm—+1

=Cpqa™ + (Cr 1a b*) + Ctlb

k=1
m+1
_ k m+1—-kpk
= E Ch1a b".
k=0

Vay (1.3) dung.

Suy ra (1.1) ding v6i moi s6 tu nhién n > 2 (diéu phai ching minh).

Tinh chat 1.1. S6 s6 hang ciia cong thitc khai trién (1.1) bing n + 1.

Tinh chéat 1.2. Cac hé s6 t& hop ctia nhi thiic cach déu hai sé6 hang dau va cudi thi bang nhau.

Tinh chat 1.3. S6 hang téng quét ciia khai trién nhi thiic la s6 hang thit k + 1 va bing
Tis1 = Cha™ *b* (k € Njk = 0;n) .

Tinh chit 1.4. Véia=0b=1, ta c

k=0

Tinh chit 1.6 (Dang thitc Vandermonde (Vandermonde’s equality)).

COCk + C O L C20F2 ... 1 CFCP = CF

m+n-*

(0<k<m;0<k<n)

Chitng minh. Xét da thiic



m

Qz)=1+2x2)" = ZCfn]?k
k=0
m-+n

R() = (14+2)™" = 3 Oyt
k=0
Hé s6 clia z* trong da thic P(z).Q(x) bang
COCF 4 CICF1 1 C2CF2 ... 1 CFCY.

Hé s6 ctia 2* trong da thitc R(z) bang Ck

m4+n-

Vi R(z) = P(2)Q(z) nén COCk + CICk-1 + C2CH2 + ... + CHCY = C*

m+n-

Vay dang thiic (1.4) dugc ching minh.
Nhan xét 1.1. Ap dung déng thitc (1.4) véi k = m = n, ta c6 déng thic
(CO* 4+ (CH* + (C2) + -+ (C2) = (.

Tinh chat 1.7 (Dang thiic Vandermonde mé rong). Cho ny,na,...,n, € N va

§ k1 ko kr _ ik
Cm Onz ce Onr - On1+n2+-~+nr‘
ki+ka+-+kr=Fk

1.2 Cac tinh chat ctia cac sb té hop
Tinh chat 1.8 (Tinh chat d6i xting). Véi moi s6 tu nhién n, k € N thdéa man 0 < k < n ta cé:
Ch = onk,
Tinh chét 1.9 (Tinh chit tam gidc Pascal).
Ck 4 CF = CoFt L.
Tinh chit 1.10 (Cong thitc tinh tong theo cot).

Z ' = C7T++11-
k=0
Chitng minh. Ap dung cong thic Pascal, ta co:

n

n
m o m—+1 m—+1\ __ m—+1 m+1 m—+1
§ Ck - E (Ck+1 _Ok )_OnJrl _Oo _CnJrl‘
k=0 k=0



Nhan xét 1.2. Tit Tinh chatl.4, Tinh chat 1.9 va Tinh chat 1.10 ta c6 ding thiic
Co+C2+- =CL4+Co 4o =271

Tinh chat 1.11 (Cong thiic tinh tong theo dudng chéo chinh).
k n
Z Cerk: - CernJrl
k=0
Chiing minh.
Z Ch = Z Cy. i (st dung Tinh chét 1.8)
k=0 k=0
=l (st dung Tinh chit 1.10)
=Cr .1 (st dung Tinh chat 1.8).

Tinh chat 1.12 (Céng thiic tinh tdng theo dudng chéo phu lién quan dén s6 Fibonacci).

n

k
E Cpx = For-
k=0

Qui uéc C* =0, v6i k > n.
Chitng minh.
Véin=0n=1thiCl=1=F,CY?+CY=1=F,.

Gia stt cong thiic trén ding dén n — 1. Khi d6

n n n
Z cF . = Z Ch1  + Z C* . (sit dung Tinh chét 1.9)
k=0 k=0 k=0

n—2 n—1
Sy
k=0 k=0
= F,_1 + F, (st dung gia thiét quy nap)
= F,11 (stt dung cong thiic truy hoi ctia day Fibonacci).
Tinh chit 1.13 (Quy tic hit). Véi n, k € N thda man 0 < k < n ta co:

ok ="

n! n (n—1)! n
Kin—k)! k' (k—Din—k! &k "V

Chitng minh. Ta c6 C* =

Tinh chat 1.14 (Cong thitc lii co 86). V6i n, k € N théa man 0 < k < n ta cé:

n

ko k
k=t ck
! —1)!
Chitng minh. Ta c6 C* = 1 - (n-1! _ n C*

kKlin—k) n—kKnh-1-k)! n—-FkF "
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Tinh chat 1.15 (Tinh don di¢u (monotonicity)).

2

{n—1| n
-
Cl<Cl <. <Oy —of? s s o

1.3 Mot sdé dang thic té6 hop

Trong phan nay, dé tinh téng lien quan dén t6 hop hodc ching minh mot dang thic t6 hop,

ta phai quan sat cac so6 hang trong tong dé tim nhi thiic can khai trién, két hop tinh chat cia

cac s6 t6 hop véi cac phép toan dao ham, tich phan ho#c cac phép toan vé s6 phiic dé giai bai

toan.
Bai toan 1.1. Tinh téng

S =0 +a’Cs +a*Cy, + - +a*Con.

Sy =aCy, +a*Cs +a°Cy + -+ 2051,
Loi gidi. Xét khai trién
2n
(1+a)™ =) Cfa"
k=0
2n
(1—a)=> Cf (-1t
k=0
Cong titng vé hai dang thitc (1.7) va (1.8), ta dugc

251 =(1+a)"+(1-a)" = S =

(1+a)?+(1- 04)2".

2

Trit timg vé dang thic (1.7) cho dang thite (1.8), ta dugc

28 = (1+a)" = (1-a)” & 5, = 5

Bai toan 1.2. Tinh tdng

Sz = C! +2aC? + 302C3 4 - - -+ na"'C™.

Sy =Cy,+3C5, +5Cs, +-+ (2n—1)Co" .
Loi gidi. Theo Tinh chat 1.13, ta c6

n _ _
Ol = 20l & hCh = nClol.

(1+a) = (1—a)™

(1.9)

(1.10)



